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1. PROBLEM STATEMENT

This project considers the two dimensional Laplace equation around a 2D cylinder with a

domain [1, 2]× [0, 2π]. The governing equation is given by:

∇2u = 0 (1.1)

The analytical solution is:

u(r, θ) = U∞

(
r − R

r

)
sin(θ)

The boundary conditions are the Dirichlet boundary conditions at:

u(1, θ) = 0 and u(2, θ) =

(
2− 1

2

)
sin(θ)

so

U∞ = 1 and R = 1

The problem is solved using the vertex based finite volume method (FVM) with

quadrilateral elements. Uniform meshes of 81× 41, 161× 81, and 321× 161 are used. The

numerical solution is compared with the analytical solution, and the error is also

compared with the finite difference method (FDM) and Galerkin finite element method

(FEM) results obtained in project 1 and project 2, respectively.
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2. METHODOLOGY

2.1. Finite Volume Formulation

The governing equation, the Laplace equation, can be given in strong form as given in

equation 1.1. In the finite volume method the equation is not discretized first in differential

form. Instead, it’s discretized after a control volume is defined around each unknown

(around vertices) and the equation is integrated over control volumes. This integration

can be expressed by strong integral form given by:

�
CV

∇2u dxdy = 0 (2.1)

To apply Green theorem, Laplace equation can be given as:

∇2u = ∇ · (∇u)

Green theorem converts the area integral into a boundary flux integral given by:

�
CV

∇ · (∇u) dxdy =

�
∂CV

n · ∇u dl = 0 (2.2)

Using the normal derivative definition,

n · ∇u =
∂u

∂n

equation 2.2 can be written as: �
∂u

∂n
dl = 0 (2.3)

This equation represents the strong integral form of the governing equation and provides

the mathematical basis for the finite volume discretization. Equation is written as a sum
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of edge fluxes over a control volume that doesn’t overlap. If any inner edge is shared by

two control volumes, the normal directions are opposite. Therefore, the flux leaving one

control volume enters the neighbor control volume with the opposite sign. This is the

conservative property of the finite volume method [1].

In this study, vertex based finite volume method is used. In this method, the unknown

values are stored at the mesh vertices, nodes, and a control volume is defined around each

vertex. The construction of control volumes and discretization equations are given in the

following sections.

2.2. Mesh Generation

The computational mesh is generated uniformly in the radial and angular directions within

the domain intervals. The radial and angular mesh spacings are:

∆r =
1

Nr − 1
∆θ =

2π

Nθ

where Nr is the number of radial nodes for each angle and Nθ is the number of angular

nodes for each radial layer. For node Pi,j, radial and angular coordinates can be written

as ri = 1 + (i− 1)∆r where i = 1, 2, . . . , Nr and θj = (j − 1)∆θ where j = 1, 2, . . . , Nθ.

The total number of mesh points is defined as Nnodes = NrNθ. However, only the

internal radial layers are solved as unknowns because the inner and outer radial boundaries

are defined by Dirichlet boundary conditions. Therefore, the number of unknowns in the

linear system is defined as Nunknown = (Nr − 2)Nθ.
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2.3. Control Volume Generation

The physical domain is represented in computational domain by 1 ≤ r ≤ 2 and 0 ≤ θ < 2π.

The mesh is uniform in both the radial and angular directions.

Figure 2.1: Schematic representation of the control volume constructed around a vertex.

As shown in figure 2.1, a control volume is constructed around a vertex Pi,j by using the

mid locations between neighboring nodes in the radial and angular directions. The corner

points of the control volume coincide with the centroids of the surrounding quadrilateral

regions formed by neighboring nodes. Therefore, control volumes have domain given by:

ri− 1
2
≤ r ≤ ri+ 1

2
θj− 1

2
≤ θ ≤ θj+ 1

2

Since the mesh is uniform, vertices are surrounded by a quadrilateral control volume in

the computational domain. The inner and outer radial boundaries are defined by Dirichlet

boundary conditions, so control volumes are formed only for the unknown nodes, internal

vertices.

2.4. Numerical Discretization

The finite volume discretization is obtained from the flux balance over each control volume.

For a control volume with M edges, the strong integral form given by equation 2.3 is

approximated by the summation of the flux contributions over all control volume edges as:

�
∂u

∂n
dl ∼=

M∑
m=1

(
∂u

∂n

)
m

∆lm = 0 (2.4)

Here, ∆lm is the length of the m’th control volume edge, and (∂u/∂n)m is the normal

derivative evaluated at that edge.
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The basic idea of the flux approximation can first be shown on a uniform cartesian

control volume, as illustrated in figure 2.2.

Figure 2.2: Control volume on a uniform cartesian grid.

For the cartesian control volume, the selected node is denoted by Pi,j and the

neighboring nodes are Pi−1,j , Pi+1,j , Pi,j−1, and Pi,j+1. The normal derivative at each edge

is approximated by using the selected node and the neighboring node in the normal

direction of that edge. Therefore, by using equation 2.4 flux contributions, represented by

F , in the x direction can be written as:

Fi−1,j =
ui−1,j − ui,j

∆x
∆y and Fi+1,j =

ui+1,j − ui,j

∆x
∆y

Similarly, flux contributions in the y direction can be written as:

Fi,j−1 =
ui,j−1 − ui,j

∆y
∆x and Fi,j+1 =

ui,j+1 − ui,j

∆y
∆x

So, discrete flux balance over the cartesian control volume is:

4∑
m=1

(
∂u

∂n

)
m

∆lm = Fi−1,j + Fi,j−1 + Fi+1,j + Fi,j+1 = 0 (2.5)

Since grid is uniform cartesian grid, spatial displacements in x and y directions are equal

and represented by ∆l. Thus, equation 2.5 can be rewritten as:

4∑
m=1

(
∂u

∂n

)
m

∆lm = ui−1,j + ui,j−1 + ui+1,j + ui,j+1 − 4ui,j = 0
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The same flux approximation method is used for the control volume in the computational

domain. However, the geometric quantities are different from the cartesian grid because

the radial edge lengths depend on the radial location. The control volume used in the

current discretization is shown in figure 2.3.

Figure 2.3: Control volume around a vertex in the computational domain.

For a node located at Pi,j, the radial edges of the control volume are located at:

ri− 1
2
= ri −

∆r

2
and ri+ 1

2
= ri +

∆r

2

The lengths of these radial edges can be calculated as ri− 1
2
∆θ, and ri+ 1

2
∆θ. Since the

distance between two neighboring radial layers is ∆r, the radial flux contributions can be

written as:

Fi−1,j =
ui−1,j − ui,j

∆r

(
ri− 1

2
∆θ

)
and Fi+1,j =

ui+1,j − ui,j

∆r

(
ri+ 1

2
∆θ

)
For the angular direction, the control volume edge length is ∆r. The physical distance

between two neighboring angular nodes is ri∆θ. Therefore, the angular flux contributions

can be written as:

Fi,j−1 =
ui,j−1 − ui,j

ri∆θ
∆r and Fi,j+1 =

ui,j+1 − ui,j

ri∆θ
∆r
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So, discrete flux balance over control volume can be written as:

4∑
m=1

(
∂u

∂n

)
m

∆lm = Fi−1,j + Fi,j−1 + Fi+1,j + Fi,j+1 = 0 (2.6)

For simple notation, the coefficients are defined as:

ai−1,j =
ri− 1

2
∆θ

∆r
ai+1,j =

ri+ 1
2
∆θ

∆r
ai,j−1 =

∆r

ri∆θ
ai,j+1 =

∆r

ri∆θ

So algebraic equation 2.6 can be rewritten as:

4∑
m=1

(
∂u

∂n

)
m

∆lm = ai−1,jui−1,j + ai,j−1ui,j−1 + ai+1,jui+1,j + ai,j+1ui,j+1

−ui,j (ai−1,j + ai+1,j + ai,j−1 + ai,j+1) = 0

If ai,j defined as sum of other coefficients, algebraic equation becomes:

ai−1,jui−1,j + ai+1,jui+1,j + ai,j−1ui,j−1 + ai,j+1ui,j+1 − ai,jui,j = 0 (2.7)

This equation is written for each internal node of the computational domain.

2.5. Boundary Conditions and Solution of the Linear System

After the finite volume equations are written, they form the following linear system:

A−→x =
−→
b

where A is the highly sparse coefficient matrix, −→x is the unknown vector, and
−→
b is the

right hand side vector.

The algebraic equation obtained from the finite volume discretization is written only

for the internal nodes. Since the inner and outer radial boundaries are defined by Dirichlet

boundary conditions, these boundary nodes are not included in the unknown vector.

Therefore, the unknowns are defined only for i = 2, 3, . . . , Nr − 1.
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Thus, for internal node Pi,j , the corresponding row number in the linear system can be

defined as:

k = (i− 2)Nθ + j

The Dirichlet boundary conditions are given as:

u1,j = 0 and uNr,j = 1.5 sin θj

Since the boundary nodes are not solved as unknowns, their known values are inserted

into the finite volume equations only when an internal control volume is adjacent to a

radial boundary. For the first internal radial layer, i = 2, the neighboring node in the

inner radial direction is on the inner boundary. Since u1,j = 0, this boundary contribution

is zero and does not change the right hand side vector. For the last internal radial layer,

i = Nr − 1, the neighboring node in the outer radial direction is on the outer boundary.

Since uNr,j = 1.5 sin θj, the outer boundary contribution is moved to the right hand side

as:

bk = bk − ai+1,juNr,j.

This imposes the outer Dirichlet boundary condition without adding the outer boundary

node to the unknown vector.

No additional node is stored at θ = 2π. Instead, the angular neighbor indices are

connected at that point due to θ = 2π = 0. For j = 1, the j − 1 neighbor is taken as Nθ,

and for j = Nθ, the j + 1 neighbor is taken as 1. In this way, the first and last angular

nodes are connected to each other during the finite volume assembly.

Since each internal node is connected only to neighboring nodes, the coefficient matrix

contains many zero entries. Therefore, the matrix is stored in sparse form. In MATLAB

sparse matrix notation, this structure can be described by three arrays which store the

row indices, column indices, and numerical values of the nonzero entries, respectively [2].

After all finite volume coefficients are written in this form, the sparse coefficient matrix A

is formed without storing the zero entries.
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The final sparse linear system is solved using MATLAB’s direct solver [3] (command:

x = A\b).

The solution vector −→x contains only the internal nodal values. After the system is

solved, these values are placed into the numerical solution matrix U according to their

radial and angular positions. Then, the boundary values are directly inserted as defined.

As a result, the complete numerical solution field is obtained over the entire 2D cylindrical

domain.

2.6. Error and Convergence Definition

The numerical accuracy is investigated by comparing the computed solution with the

analytical solution at the same grid points. The error is evaluated by the normalized L2

error which is equivalent to the root mean square error and given by:

Error =
∥ui,j − uanalytic∥2√

imaxjmax

(2.8)

Here, ui,j denotes the numerical solution, uanalytic denotes the analytical solution, and

imax and jmax represent the total numbers of grid points in the radial and angular

directions, respectively.

The spatial convergence rate is determined by comparing the error values between

meshes of increasing density. Since the discretization involves both radial and angular

grid spacings, the convergence rate is evaluated in terms of ∆r and ∆θ.

For the radial direction, convergence rate is given by:

p12∆r
=

log (Eold/Enew)

log (∆rold/∆rnew)
(2.9)

For the angular direction, convergence rate is given by:

p12∆θ
=

log (Eold/Enew)

log (∆θold/∆θnew)
(2.10)

Where the p values represents convergence rate for consecutive meshes.
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3. RESULTS AND DISCUSSION

3.1. Numerical Error Results

The vertex based finite volume solution was computed on three uniform meshes. The

number of nodes and the computed error values are listed in Table 3.1. The error is

calculated using equation 2.8.

Table 3.1: Numerical error values obtained by the vertex based finite volume method.

Mesh Nodes Error

81× 41 3321 4.027× 10−5

161× 81 13041 1.036× 10−5

321× 161 51681 2.629× 10−6

The error decreases consistently as the mesh is refined as shown in table 3.1. This

behavior indicates that the vertex based finite volume method yields better systematically

with mesh refinement.

3.2. Comparison With the FDM and FEM

The finite volume error obtained in this study is compared with the FDM error obtained

in project 1 and the Galerkin FEM error obtained in project 2. The comparison is given

in table 3.2 for the same mesh densities.

Table 3.2: Comparison of FVM, FDM and FEM errors.

Mesh FVM Error FDM Error FEM Error

81× 41 4.027× 10−5 4.027× 10−5 5.906× 10−7

161× 81 1.036× 10−5 1.036× 10−5 1.481× 10−7

321× 161 2.629× 10−6 2.629× 10−6 3.709× 10−8

As shown in Table 3.2, the finite volume method gives the same error values as the

finite difference method for all mesh densities. This is an expected behavior for uniform
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cartesian grids [4]. A similar behavior is also observed in this study because the mesh is

uniform in the computational domain and the polar grid lines are orthogonal. In the first

project, laplace equation is discretized directly in its polar differential form. In the finite

volume method, the same equation is first integrated over the control volume as given in

equation 2.1 and then written as a flux balance through the control volume edges as given

in equation 2.4. Therefore, the FVM equation gives the area integrated form of the FDM

equation. When the FVM equation is divided by the polar control volume area, the same

coefficients of the second order central polar FDM stencil can be obtained as in the first

project. So, FVM equation used in this project is simply same as area times FDM

equation used in project 1. While this operation only scales the corresponding equation of

the linear system, solution is not effected. That means, both methods yield the same

numerical solution for this problem.

On the other hand, the FEM errors are smaller than both the FDM and FVM errors

for all mesh levels. This behavior was also observed in Project 2. One possible reason for

this difference is that the Q1 Galerkin FEM formulation has a larger interaction region,

from the surrounding quadrilateral elements through the global assembly process, than

the five point flux balance used in the FVM solution.

Figures 3.1 and 3.2 show the variation of the error with respect to ∆r and ∆θ in

logarithmic scale. In both figures, the FDM and FVM lines overlap because their error

values are the same for the same mesh levels. The FEM curve remains below both FDM

and FVM curves as expected.

Figure 3.1: Comparison of FVM, FDM and FEM
errors with respect to radial mesh spacing.

Figure 3.2: Comparison of FVM, FDM and FEM
errors with respect to angular mesh spacing.
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3.3. Convergence

The observed convergence rates were calculated using equations 2.9 and 2.10. The obtained

rates are listed in Table 3.3.

Table 3.3: Observed spatial convergence rates.

Spacing Mesh 1 - Mesh 2 (p12) Mesh 2 - Mesh 3 (p23)
∆r 1.958 1.979
∆θ 1.993 1.997

As shown in Table 3.3, the observed convergence rates are close to two in both

coordinate directions. This indicates that the implemented finite volume formulation

yields an approximately second order convergence trend in this study. The small

deviations from exactly second order behavior can be attributed to the use of finite mesh

levels.

Figure 3.3 illustrates the convergence behavior in logarithmic form. In a logarithmic

convergence plot, the slope of the error curve corresponds to the observed convergence

rate. Since the plotted data follow an almost straight line with slopes close to two, the

figure is consistent with the approximately second order convergence behavior obtained

from the finite volume solution.

Figure 3.3: Spatial convergence results for the finite volume solution.
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3.4. Visualization

The analytical solution, numerical FVM solution, and absolute error distribution of the

321× 161 mesh are displayed in the cartesian plane in figure 3.4. The mesh is generated

in polar coordinates, but the results are represented on the physical cartesian domain by

using the coordinate transformation:

x = r cos θ y = r sin θ

This representation places the computed finite volume solution directly on the 2D

cylindrical domain of the problem. Therefore, the spatial variation of the analytical

solution, numerical FVM solution, and absolute error can be examined in the actual

geometry.

The absolute error plot is useful because it shows the spatial distribution of the

difference between the numerical and analytical solutions. Even when the analytical and

numerical solution fields seem visually same, the error plot makes the local differences

more visible.
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0
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(a) Analytical solution.
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(b) Numerical FVM solution.
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(c) Absolute error.

Figure 3.4: Analytical solution, numerical FVM solution, and absolute error distribution represented on
the cartesian domain for the 321× 161 mesh.
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CONCLUSION

In this study, the two dimensional Laplace equation on a 2D cylindrical domain was

solved using the vertex based finite volume method. The governing equation was

integrated over each control volume and written as a discrete flux balance through the

control volume edges. The resulting algebraic equations were assembled into a sparse

linear system, and the Dirichlet boundary conditions were imposed directly on the

algebraic equations.

The numerical results show that the error decreases systematically as the mesh is

refined. The observed convergence rates are close to two in both radial and angular

directions, indicating an approximately second order convergence behavior.

The comparison with the finite difference method shows that the implemented FVM

gives the same error values as the FDM for all tested mesh resolutions. This is expected

because both methods produce an equivalent five point discretization on the polar grid

used in both studies. The cartesian visualizations also show that the numerical FVM

solution agrees well with the analytical solution on the 2D cylindrical domain. Overall,

the implemented finite volume method gives an accurate, conservative, and consistent

solution for the given problem.
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